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Abstract
We consider Gauss sums for various finite classical groups, combine our previous results about explicit
expressions for those sums with new ones obtained from our main formula based on Deligne–Lusztig
theory and get some interesting identities, which are of combinatorial nature and involve various classical
exponential sums.
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1. Introduction
Gauss sums have diverse applications such as in number theory, optics, coding theory and
cryptography. However, Gauss sums for finite classical groups or more generally for modular
representations of finite reductive groups had received little attention up until several years ago.
In 1937, Eichler [5] determined Gauss sums for general linear groups GL(n, q) by using ana-
lytic methods. Kondo considered in [15] (see also [18, p. 288, Example 4]) more general Gauss
sums, in different direction, associated with the ordinary representations of GL(n, q) and deter-
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GL(n, q).
In a series of papers [7–12,14] the second author considered Gauss sums for various finite
classical groups, explicitly determined their values, and showed, for example, that they can be
used in finding formulas for the number of elements with given trace and determinant in various
finite classical groups. The same line of study was extended to the 7-dimensional faithful rep-
resentation of G2(q) and the adjoint representation of GL(n, q) [6,16]. Saito and Shinoda [19]
combined the idea of Kondo [15] with that of the second author and suggested a very general
form of Gauss sums. We will not pursue this general form of Gauss sums here. An interested
reader is referred to their paper.
Here we restrict our attention to Gauss sums for various finite classical groups, combine our
previous results about explicit expressions for those sums with new ones obtained from our main
formula (3.1) based on Deligne–Lusztig character theory and get some interesting identities,
which are of combinatorial nature and involve various classical exponential sums like Gauss
sums, Kloosterman sums, hyperkloosterman sums and unitary Kloosterman sums.
In more detail, let us consider, for a nontrivial additive character λ, a multiplicative charac-
ter χ , and a finite classical group H , the following exponential sum called Gauss sum for the
group H ∑
h∈H
χ(deth)λ(trh), (1.1)
where deth, and trh are respectively the determinant of h, and the trace of h. Then the second
author obtained explicit expressions for those sums by using Bruhat decompositions with respect
to certain maximal parabolic subgroups. Even if those expressions are obtained without using
much theory, they are explicit enough for effective computations.
Let G be a connected reductive group defined over Fq , with Frobenius map F , T be an F -
stable maximal torus of G, and W = N(T )/T be the Weyl group of G with respect to T , where
N(T ) denotes the normalizer of T in G. Suppose ψ : G → C is a class function which depends
only on the semisimple part of each g ∈ G. Then our main formula (Theorem 3.1) says:
∑
g∈GF
ψ(g) = |G
F |
|W |
∑
w∈W
1
|T wF |
∑
a∈T wF
ψ(a),
where wF is the twisted Frobenius map of T given by wF(a) = wF(a)w−1, and T wF is the
points of T fixed by wF . This formula can be viewed as the answer to the conjectural statement
in the introduction of [6].
In Section 4, we apply the above formula to the finite classical groups GLn, SLn, Un, and SUn
to calculate the Gauss sums (1.1). Comparing these with our previous results, we will be able to
get various identities involving classical exponential sums in Section 5. For example, when G
is the general linear group GL(n, q) or the special linear group SL(n, q), one gets not a new
identity but the Cayley identity (5.1).
2. Preliminaries and notations
One is referred to [1] and [17] for some elementary facts below. Let Fq be the finite field with
q elements. Then, for each m ∈ Z>0, Fqm denotes the extension field of degree m of Fq in a
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NF
q2m/Fqm
: F×
q2m
→ F×qm , so that
Cqm =
{
α ∈ Fq2m
∣∣ αqm+1 = 1}. (2.1)
Let λ be a nontrivial additive character of Fq , χ a multiplicative character of Fq , and let χ˜ be a
multiplicative character of Fq2 . For each m ∈ Z>0, we put
λ(m) = λ ◦ trFqm/Fq , χ(m) = χ ◦ NFqm/Fq , χ˜ (2m) = χ˜ ◦ NFq2m/Fq2 . (2.2)
To simplify notations, the lifting λ(2) of λ to Fq2 will be denoted by λ′. For m ∈ Z>0 and γ ∈ F×q ,
we put
K
(
λ(m);γ )= ∑
α∈F×
qm
λ(m)
(
α + γ α−1), (2.3)
K
(
λ(m)
)= K(λ(m);1)= ∑
α∈F×
qm
λ(m)
(
α + α−1), (2.4)
K
(
λ(2m), χ˜ (2m)
)= ∑
α∈F×
q2m
χ˜(2m)(α)λ(2m)
(
α + α−1), (2.5)
J
(
λ(m);γ )= ∑
α∈N−1
F
q2m/Fqm
(γ )
λ(m)
(
α + γ α−1)= ∑
α∈N−1
F
q2m/Fqm
(γ )
λ(2m)(α), (2.6)
J
(
λ(m)
)= J (λ(m);1)= ∑
α∈Cqm
λ(m)
(
α + α−1)= ∑
α∈Cqm
λ(2m)(α), (2.7)
J
(
λ(m), χ˜ (2m)
)= ∑
α∈Cqm
χ˜ (2m)(α)λ(m)
(
α + α−1)= ∑
α∈Cqm
χ˜ (2m)(α)λ(2m)(α). (2.8)
K(λ;γ ), K(λ′, χ˜), J (λ;γ ), and J (λ, χ˜) are respectively called a Kloosterman sum, a twisted
Kloosterman sum, a unitary Kloosterman sum, and a twisted unitary Kloosterman sum. The ones
in (2.3), (2.5), (2.6), (2.8) are liftings of those classical exponential sums. In addition, we need
the Gauss sum G(χ,λ) and the hyperkloosterman sum Km(λ) which are respectively defined by
G(χ,λ) =
∑
α∈F×q
χ(α)λ(α), (2.9)
Km(λ;γ ) =
∑
α1,...,αm∈F×q
λ
(
α1 + · · · + αm + γ α−11 · · ·α−1m
)
, (2.10)
Km(λ) = Km(λ;1) =
∑
α1,...,αm∈F×q
λ
(
α1 + · · · + αm + α−11 · · ·α−1m
)
. (2.11)
For α ∈ F×, m ∈ Z>0, we will need the following diagonal matrices:q
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(
α,αq, . . . , αq
m−1)
, (2.12)
t ′m(α) = diag
(
α,α−q, . . . , α(−q)m−1
)
. (2.13)
We now recall some basic terminologies and notations about partitions from [18]. A partition
of a positive integer n is a finite nondecreasing sequence μ1, . . . ,μs of positive integers with∑s
i=1 μi = n. The partition (μ1, . . . ,μs) is denoted by μ, and we write
μ  n if μ is a partition of n. (2.14)
The μi ’s are the parts of μ, and
l(μ) = the number of parts of μ, (2.15)
|μ| = the sum of parts of μ. (2.16)
The multiplicity of i in μ  n is
mi = mi(μ) =
∣∣{j | 1 j  s, μj = i}∣∣,
in which case we write
μ = (1m12m2 · · ·nmn).
So
∑n
i=1 imi = n. The set of all partitions of n is denoted by Pn (n ∈ Z0), and the set of all
partitions
⋃
n∈Z0 Pn by P . Here P0 consists of a single element, the ‘empty partition of 0,’
which we denote by 0. If μ = (1m12m2 · · ·nmn) is a partition of n, we write
zμ = 1m12m2 · · ·nmnm1!m2! · · ·mn!. (2.17)
For μ = 0 ∈P0, we agree that
l(μ) = 0, |μ| = 0, zμ = 1. (2.18)
For integers n, r with 0 r  n, the q-binomial coefficients are defined by
[
n
r
]
q
=
r−1∏
j=0
qn−j − 1
qr−j − 1 .
[y] denotes the greatest integer  y, for a real number y.
3. Main formula
Here we will derive one main formula (3.1) that will be applied to various finite classical
groups in order to get new expressions of Gauss sums for those groups in Section 4 and to obtain
some interesting identities in Section 5. One is referred to [2,4] as the background for the material
covered in this section.
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ψ :G → Q be a class function which depends only on the semisimple part of each g ∈ G.
( is a prime not dividing q . By fixing an isomorphism Q ∼= C, we may suppose ψ is complex
valued.) For each F -stable maximal torus T of G, and each character θ on T F , let RT,θ be the
generalized character on GF introduced by Deligne and Lusztig in [4].
Proposition 3.1. (See [2, Propositions 7.4.2, 7.6.3].) Let G,T ,ψ and θ be as above. Then we
have
∑
F(T )=T
|T F |
|GF |RT,1 = 1,
∑
g∈GF
ψ(g)RT,θ (g) = |G
F |
|T F |
∑
a∈T F
ψ(a)θ(a).
Combining the above two formulae, we get the following corollary.
Corollary 3.1. ∑
g∈GF
ψ(g) =
∑
F(T )=T
∑
a∈T F
ψ(a).
Here the first sum on RHS is over all F -stable maximal tori T of G.
Some expressions of Gauss sums (1.1) for various finite classical groups were obtained by us-
ing Bruhat decompositions of those groups with respect to certain maximal parabolic subgroups
[7–12,14]. The main formula (3.1) allows us to get alternative expressions for those Gauss sums.
In this way, we will be able to produce some interesting identities in Section 5.
Theorem 3.1. Let T be an F -stable maximal torus of G and W = N(T )/T be the Weyl group
of G with respect to T . For w ∈ W , wF is the twisted Frobenius map of T given by wF(a) =
wF(a)w−1. Then we have the following
∑
g∈GF
ψ(g) = |G
F |
|W |
∑
w∈W
1
|T wF |
∑
a∈T wF
ψ(a). (3.1)
Proof. First we recall some facts on F -stable maximal tori in G. See §3.3 of [2] for example.
There is a one-to-one correspondence between F -conjugacy classes in W and GF -conjugacy
classes of F -stable maximal tori in G. More precisely, given w ∈ W , the F -conjugacy class
{v−1wF(v) | v ∈ W } of w in W corresponds to the GF -conjugacy class of wT = xT x−1, where
x ∈ G is such that x−1F(x) = w˙ for a representative w˙ of w in N(T ). wT is called a torus
obtained from T by twisting with w. Also, there is a one-to-one correspondence between the
set of F -fixed elements in the Weyl group W(wT ) with respect to wT and the F -centralizer
CW,F (w) = {v ∈ W | v−1wF(v) = w} of w.
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F(T ′)=T ′
∑
a∈(T ′)F
ψ(a) =
∑
{w}
(
# of tori GF -conjugate to wT
) ∑
a∈(wT )F
ψ(a),
where the first sum is over a set of representatives for F -conjugacy classes in W . The number of
tori which are GF -conjugate to wT is equal to
|GF |
|NFw |
= |G
F |/|wT F |
|NFw |/|wT F |
= |G
F |/|wT F |
|CW,F (w)| =
|GF |
|wT F | ·
1
|W | · |F -conjugacy class of w|,
where Nw = N(wT ), the normalizer of wT in G.
Hence, we have
LHS of (3.1) = |G
F |
|W |
∑
w∈W
1
|wT F |
∑
a∈(wT )F
ψ(a).
Since T wF and (wT )F are conjugate to each other in G, the theorem follows. 
Remark 3.1. It is important to observe that the summand of the first sum on the RHS of (3.1)
depends only on the F -conjugacy classes of elements in W .
Remark 3.2. The main formula gives an answer to the conjectural statement somewhat vaguely
expressed in the introduction of [6].
4. Application of main formula to finite classical groups
In this section, we will apply the main formula in (3.1) to the finite classical groups GLn, SLn,
Un, and SUn. Some of discussions in this section can also be found in [19].
In all our discussions below, except for the unitary cases, the class function ψ : G → C de-
pending only on the semisimple part of each g ∈ G will be just
ψ(g) = χ(detg)λ(trg),
where χ is a multiplicative character of Fq , and λ is a nontrivial additive character of Fq . While
in the unitary cases,
ψ(g) = χ˜ (detg)λ′(trg),
where χ˜ is now a multiplicative character of Fq2 , and λ′ = λ(2) (cf. (2.2)) is the lifting of λ to Fq2 .
4.1. General linear groups
Let G = GL(n,Fq), with F the standard Frobenius map
Frq : G → G
(
(aij ) 	→
(
a
q ))
.ij
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∣∣GL(n, q)∣∣= q(n2) n∏
j=1
(
qj − 1).
T = {diagonal matrices in G} is an F -stable maximal torus of G which is split over Fq , and
W = N(T )/T ∼= Sn is the Weyl group with respect to T . As F acts trivially on W , F -conjugacy
classes in W are just (ordinary) conjugacy classes in W . The conjugacy classes in W are in
bijective correspondence with Pn.
If the conjugacy class conj(w) of w in W corresponds to the partition μ = (μ1, . . . ,μs) ∈Pn,
then, in the notation of (2.12),
T wF = {diag(tμ1(α1), . . . , tμs (αs)) ∣∣ α1 ∈ F×qμ1 , . . . , αs ∈ F×qμs }∼= F×qμ1 × · · · × F×qμs ,∣∣conj(w)∣∣= |W |/zμ = n!/zμ (cf. (2.12) and (2.17)). (4.1)
Also, ∑
a∈T wF
χ(deta)λ(tra) =
∑
α1∈F×qμ1
χ(μ1)(α1)λ
(μ1)(α1) · · ·
∑
αs∈F×qμs
χ(μs)(αs)λ
(μs)(αs)
= (−1)μ1−1G(χ,λ)μ1 · · · (−1)μs−1G(χ,λ)μs
= (−1)n−sG(χ,λ)n,
where we used the Davenport–Hasse relation:
G
(
χ(m), λ(m)
)= (−1)m−1G(χ,λ)m.
Keeping Remark 3.1 in mind, from (3.1) and the above, we obtain the following theorem.
Theorem 4.1.
∑
g∈GL(n,q)
χ(detg)λ(trg) = (−1)nq(n2)
n∏
j=1
(
qj − 1)∑
μn
(−1)l(μ)G(χ,λ)n
zμ(qμ1 − 1) · · · (qμs − 1) .
4.2. Special linear groups
Let G = SL(n,Fq), with F the standard Frobenius map Frq on G. Then GF = SL(n, q), with
∣∣SL(n, q)∣∣= (q − 1)−1∣∣GL(n, q)∣∣= (q − 1)−1q(n2) n∏
j=1
(
qj − 1).
T = {diagonal matrices in G} is an F -stable maximal torus of G which is split over Fq . W =
N(T )/T ∼= Sn is the Weyl group with respect to T and F -conjugacy classes in W agree with
conjugacy classes in W , which are in bijective correspondence with Pn.
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T wF is the set of diagonal matrices diag(tμ1(α1), . . . , tμs (αs)) with α1 ∈ F×qμ1 , . . . , αs ∈ F×qμs
and
∏s
j=1 NFqμj /Fq (αj ) = 1. Hence
T wF ∼=
{
(α1, . . . , αs) ∈ F×qμ1 × · · · × F×qμs
∣∣∣ s∏
j=1
NF
q
μj /Fq (αj ) = 1
}
,
∣∣T wF ∣∣= (q − 1)−1(qμ1 − 1) · · · (qμs − 1).
Also,
∑
a∈T wF
λ(tra) =
∑
(α1,...,αs )
s∏
j=1
λ(μj )(αj )
=
∑
λ
(
s∑
j=1
trF
q
μj /Fq (αj )
)
= (−1)n−sKn−1(λ)
(
cf. (2.11)
)
,
where the sum is over (α1, . . . , αs) ∈ F×qμ1 × · · · × F×qμs , with
∏s
j=1 NFqμj /Fq (αj ) = 1, and the
last equality is from [3, (7.2.5)].
Now, from (3.1), (4.1) and the above, we get the next theorem.
Theorem 4.2.
∑
g∈SL(n,q)
λ(trg) = (−1)nq(n2)
n∏
j=1
(
qj − 1)∑
μn
(−1)l(μ)Kn−1(λ)
zμ(qμ1 − 1) · · · (qμs − 1) .
4.3. Unitary groups
Let G = GL(n,Fq), with the Frobenius map F : G → G (g = (aij ) 	→ tFrq(g)−1 = t (aqij )−1).
Then
GF = U(n,q2)= {g ∈ GL(n,q2) ∣∣ ∗gg = 1n},
where ∗g = tFrq(g). As is well known,
∣∣U(n,q2)∣∣= q(n2) n∏
j=1
(
qj − (−1)j ).
T = {diagonal matrices in G} is an F -stable maximal torus of G, and W = N(T )/T ∼= Sn is the
Weyl group with respect to T . As F acts trivially on W , F -conjugacy classes in W agree with
conjugacy classes in W .
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μ = (μ01, . . . ,μ0s;μ11, . . . ,μ1t ), (4.2)
with μ01, . . . ,μ0s (respectively μ11, . . . ,μ1t ) the even (respectively odd) parts of μ.
T wF = {diag(t ′μ01(α1), . . . , t ′μ0s (αs), t ′μ11(β1), . . . , t ′μ1t (βt )) ∣∣
α1 ∈ F×qμ01 , . . . , αs ∈ F×qμ0s , β1 ∈ Cqμ11 , . . . , βt ∈ Cqμ1t
}
∼= F×qμ01 × · · · × F×qμ0s × Cqμ11 × · · · × Cqμ1t
(
cf. (2.1)
)
.
Let χ˜ be a multiplicative character of Fq2 , and let λ′ = λ(2) be the lifting of the nontrivial additive
character λ on Fq to Fq2 . Then we observe that, for an even positive integer m,
∑
α∈F×
qm
χ˜
(
det t ′m(α)
)
λ′
(
tr t ′m(α)
)= ∑
α∈F×
qm
χ˜ (m)
(
α1−q
)
λ(m)
(
α + α−1)
=
∑
α∈F×
qm
χ˜ (m)
q−1
(α)λ(m)
(
α + α−1)
= K(λ(m), χ˜ (m)q−1) (cf. (2.5)).
Similarly, for l an odd positive integer,
∑
α∈C
ql
χ˜
(
det t ′l (α)
)
λ′
(
tr t ′l (α)
)= ∑
α∈C
ql
χ˜ (2l)(α)λ(l)
(
α + α−1)
=
∑
α∈C
ql
χ˜ (2l)(α)λ(2l)(α)
= J (λ(l), χ˜ (2l)) (cf. (2.8)).
If conj(w) corresponds to μ = (μ01, . . . ,μ0s;μ11, . . . ,μ1t ), then, from the above observations,
we have
∑
a∈T wF
χ˜(deta)λ′(tra) = K(λ(μ01), χ˜ (μ01)q−1) · · ·K(λ(μ0s ), χ˜ (μ0s )q−1)
× J (λ(μ11), χ˜ (2μ11)) · · ·J (λ(μ1t ), χ˜ (2μ1t )).
From (3.1), (4.1) and the above calculations, we get the next theorem.
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∑
g∈U(n,q2)
χ˜ (detg)λ′(trg) = q(n2)
n∏
j=1
(
qj − (−1)j )
×
∑
μn
K(λ(μ01), χ˜ (μ01)
q−1
) · · ·K(λ(μ0s ), χ˜ (μ0s )q−1)J (λ(μ11), χ˜ (2μ11)) · · ·J (λ(μ1t ), χ˜ (2μ1t ))
zμ(qμ01 − 1) · · · (qμ0s − 1)(qμ11 + 1) · · · (qμ1t + 1) ,
where μ = (μ01, . . . ,μ0s;μ11, . . . ,μ1t ) has the same meaning as in (4.2).
4.4. Special unitary groups
Let G = SL(n,Fq), with the Frobenius map F : G → G (g 	→ tFrq(g)−1). Then
GF = SU(n,q2)= {g ∈ SL(n,q2) ∣∣ ∗gg = 1n},
with
∣∣SU(n,q2)∣∣= (q + 1)−1q(n2) n∏
j=1
(
qj − (−1)j ).
T = {diagonal matrices in G} is an F -stable maximal torus of G. F acts trivially on the Weyl
group W = N(T )/T ∼= Sn, so that F -conjugacy classes in W agree with conjugacy classes in W .
For conj(w) (w ∈ W) corresponding to μ = (μ01, . . . ,μ0s;μ11, . . . ,μ1t ) ∈Pn (cf. (4.2)),
T wF =
{
diag
(
t ′μ01(α1), . . . , t
′
μ0s (αs), t
′
μ11(β1), . . . , t
′
μ1t (βt )
) ∣∣∣
α1 ∈ F×qμ01 , . . . , αs ∈ F×qμ0s , β1 ∈ Cqμ11 , . . . , βt ∈ Cqμ1t ,
s∏
i=1
NFqμ0i /Fq2
(
α
1−q
i
) t∏
j=1
NF
q
2μ1j /Fq2
(βj ) = 1
}
.
In particular, ∣∣T wF ∣∣= (q + 1)−1(qμ01 − 1) · · · (qμ0s − 1)(qμ11 + 1) · · · (qμ1t + 1).
For t  1, this follows from the fact that, for m odd, Cqm → Cq (β 	→ NF
q2m/Fq2
(β)) is an
epimorphism; for t = 0, this can be seen for example from Hilbert’s Theorem 90.
For conj(w) (w ∈ W) corresponding to μ = (μ01, . . . ,μ0s;μ11, . . . ,μ1t ) ∈Pn,∑
F
λ′(tra) = S(λ;μ) = S(λ;μ01, . . . ,μ0s;μ11, . . . ,μ1t ).
a∈T w
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S(λ;μ) =
∑
λ
(
s∑
i=1
trFqμ0i /Fq
(
αi + α−1i
)+ t∑
j=1
trF
q
μ1j /Fq
(
βj + β−1j
))
, (4.3)
where the sum is over αi ∈ F×qμ0i (i = 1, . . . , s), βj ∈ Cqμ1j (j = 1, . . . , t), satisfying the relation
s∏
i=1
NFqμ0i /Fq2
(
α
1−q
i
) t∏
j=1
NF
q
2μ1j /Fq2
(βj ) = 1.
The next theorem now follows from (3.1), (4.1) and the above.
Theorem 4.4.
∑
g∈SU(n,q2)
λ′(trg) = q(n2)
n∏
j=1
(
qj − (−1)j )
×
∑
μn
S(λ;μ)
zμ(qμ01 − 1) · · · (qμ0s − 1)(qμ11 + 1) · · · (qμ1t + 1) ,
where μ = (μ01, . . . ,μ0s;μ11, . . . ,μ1t ), S(λ;μ) are respectively as in (4.2), (4.3).
5. Identities
On the one hand, the expressions of Gauss sums in the last section were obtained by applying
the main formula (3.1) to various finite classical groups. On the other hand, alternative expres-
sions of those sums were gotten by using Bruhat decompositions with respect to certain maximal
parabolic subgroups of the finite classical groups (cf. [7–12,14]). In this section, equating two
different expressions of the Gauss sum for each finite classical group, we will be able to produce
identities, some of which are new and some old.
From the expressions of the Gauss sum for GL(n, q) in Theorem 4.1 and [7, (4.10)], one
rediscovers the Cayley’s identity.
Theorem 5.1 (Cayley).
∑
μn
(−1)l(μ)
zμ(qμ1 − 1) · · · (qμs − 1) = (−1)
n
n∏
j=1
(
qj − 1)−1, (5.1)
where zμ is as in (2.17).
Let λ be a nontrivial additive character of Fq as usual, and let η be a multiplicative character
of Fq . We define the twisted Kloosterman sum for GL(t, q) by
KGL(t,q)(λ, η) =
∑
η(detg)λ
(
trg + trg−1). (5.2)g∈GL(t,q)
H.-j. Chae, D.S. Kim / Journal of Number Theory 128 (2008) 2010–2024 2021It is convenient to define the above sum to be 1 for t = 0. The identities in the following theorem
are obtained from the expression of the Gauss sum for U(n, q2) in Theorem 4.3, [12, (6.4)] and
[9, (7.4)].
Theorem 5.2. Let m = [n2 ]. Then
∑
μn
K(λ(μ01), χ˜ (μ01)
q−1
) · · ·K(λ(μ0s ), χ˜ (μ0s )q−1)J (λ(μ11), χ˜ (2μ11)) · · ·J (λ(μ1t ), χ˜ (2μ1t ))
zμ(qμ01 − 1) · · · (qμ0s − 1)(qμ11 + 1) · · · (qμ1t + 1)
= (−1)nq−m(m−1)
n∏
i=1
(
qi − (−1)i)−1
×
m∑
r=0
(
χ˜ (−1))rqr(2n−r−1)/2[m
r
]
q2
r∏
j=1
(
qj + (−1)j )KGL(m−r,q2)(λ′, χ˜q−1)
×
{
1, if n is even,
J (λ, χ˜), if n is odd,
where μ = (μ01, . . . ,μ0s;μ11, . . . ,μ1t ) is as in (4.2).
Remark 5.1. We have a recursive relation for the twisted Kloosterman sums (5.2) for general
linear groups [12, (4.6)], from which the next formula follows.
KGL(t,q)(λ, η)
= q 12 (t−2)(t+1)
[(t+2)/2]∑
l=1
η(−1)l−1qlK(λ,η)t+2−2l
∑
j1,...,jl−1
l−1∏
ν=1
(
qjν−2ν − 1), (5.3)
where K(λ,η) = KGL(1,q)(λ, η) is the usual twisted Kloosterman sum, and the second sum is
over all integers j1, . . . , jl−1 satisfying
2l − 1 jl−1  jl−2  · · · j1  t + 1, (5.4)
and we agree that it is 1 for l = 1.
Using this formula, we can expand the right-hand side of the last theorem in terms of the clas-
sical twisted Kloosterman sums and obtain a new identity involving various classical exponential
sums.
The following identity is obtained from the expression of the Gauss sum for SU(n, q2) in
Theorem 4.4, [12, (5.8)] and [9, (6.11), (6.12)].
Theorem 5.3. Let m = [n2 ]. Then
∑ S(λ;μ)
zμ(qμ01 − 1) · · · (qμ0s − 1)(qμ11 + 1) · · · (qμ1t + 1)
μn
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n∏
i=1
(
qi − (−1)i)−1 m∑
r=0
qr(2n−r−1)/2
[
m
r
]
q2
r∏
j=1
(
qj + (−1)j )
×
{∑
g λ
′(trg + trg−1) if n is even,∑
g λ
′(trg + trg−1 + (−1)r (detg)q−1) if n is odd. (5.5)
Here μ = (μ01, . . . ,μ0s;μ11, . . . ,μ1t ) is as in (4.2), S(λ;μ) is defined in (4.3), and the two sum-
mations in (5.5) are over g ∈ GL(n− r, q2) with (detg)q−1 = (−1)r and over g ∈ GL(n− r, q2),
respectively. See the following remark for these sums.
Remark 5.2. An explicit expression for the first sum in (5.5) was obtained in [13, (3.15)]. Note
here that, with v = λ, SFq (v) = 0. For t  1,
∑
g∈GL(t,q2)
(detg)q−1=±1
λ′
(
trg + trg−1)= q(t−2)(t+1) [(t+2)/2]∑
l=1
q2l
∑
j1,...,jl−1
l−1∏
ν=1
(
q2jν−4ν − 1)
×
∑
α1,...,αt+2−2l
λ′
(
t+2−2l∑
j=1
αj +
t+2−2l∑
j=1
α−1j
)
. (5.6)
Here the sum over j1, . . . , jl−1 runs over the same set of integers as in (5.4) (it is 1 for l = 1),
and the other unspecified sum is over all α1, . . . , αt+2−2l ∈ F×q2 satisfying (α1 · · ·αt+2−2l )q−1 =
+1 (respectively −1) according as (detg)q−1 = +1 (respectively (detg)q−1 = −1).
Moreover, for t = 0 we adopt the convention that∑
g∈GL(0,q2)
(detg)q−1=1
λ′
(
trg + trg−1)= 1,
∑
g∈GL(0,q2)
(detg)q−1=−1
λ′
(
trg + trg−1)= δ1,−1 (Kronecker’s delta)
=
{
1, if charFq = 2,
0, otherwise.
In view of the expression in (5.6), these correspond to our conventions that, for m = 0,
∑
α1,...,αm∈F×
q2
(α1···αm)q−1=1
λ′
(
m∑
j=1
αj +
m∑
j=1
α−1j
)
= 1,
∑
α1,...,αm∈F×
q2
q−1
λ′
(
m∑
j=1
αj +
m∑
j=1
α−1j
)
= δ1,−1.(α1···αm) =−1
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St (λ
′; c) =
∑
g∈GL(t,q2)
λ′
(
trg + trg−1 + c(detg)q−1) (t  1),
S0(λ
′; c) = λ′(c).
Then, as shown in [9, (5.5)], St (λ′; c) satisfies the recursive relation:
St (λ
′; c) = q2t−2
∑
α∈F×
q2
λ′
(
α + α−1)St−1(λ′; cα1−q)+ q4t−4(q2t−2 − 1)St−2(λ′; c) (t  2).
From this, an explicit expression for the second sum in (5.5) is obtained
St (λ
′; c) = q(t+1)(t−2)
[(t+2)/2]∑
l=1
q2lFt+2−2l (λ′; c)
∑
j1,...,jl−1
l−1∏
ν=1
(
q2jν−4ν − 1).
Here the last sum runs over the same set of integers as in (5.4) (it is 1 for l = 1, by convention)
and the exponential sum Fr(λ′; c) is defined as
Fr(λ
′; c) =
∑
α1,...,αr∈F×
q2
λ′
(
r∑
j=1
αj +
r∑
j=1
α−1j + c
r∏
j=1
α
q−1
j
)
(r  1),
F0(λ
′; c) = λ′(c).
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